A d-dimensional second-order topological insulator (SOTI) can host topologically protected (d−2)-dimensional gapless boundary modes. Here we show that a 2D non-Hermitian SOTI can host zeroenergy modes at its corners as well. In contrast to the Hermitian case, these zero-energy modes are localized only at one corner. A 3D non-Hermitian SOTI is shown to support second-order chiral boundary modes, which are localized not along hinges but anomalously at a corner. The usual bulk-corner (chiral boundary) correspondence in the second-order 2D (3D) non-Hermitian system is broken. The winding number (Chern number) in 2D (3D) based on complex wavevectors is used to characterize the second-order topological phases. A possible experimental situation with ultracold atoms is also discussed. Our work lays the cornerstone for exploring higher-order topological phenomena in non-Hermitian systems.
Introduction.-Recent years have witnessed a surge of theoretical and experimental interest in studying topological phases of matter [1] [2] [3] in insulators [4] [5] [6] [7] [8] [9] , superconductors [10] [11] [12] , ultracold atoms [13] [14] [15] [16] [17] [18] and classical wave systems [19] [20] [21] [22] . These topologically nontrivial phases are characterized by the topological index of gapped bulk energy bands and exhibit gapless states on their boundaries. Such gapless boundary states cannot be gapped out by local perturbations that preserve both bulk gap and symmetry.
Topological phases have widely been studied in closed systems, which are described by Hermitian Hamiltonians with real eigenenergies and a set of orthogonal eigenstates. Recently, there has been a great deal of effort in exploring topological invariants of open systems governed by non-Hermitian operators [23, 24] . Non-Hermitian Hamiltonians can find applications in a wide range of systems including optical and mechanical structures subjected to gain and loss [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , and solid-state systems with finite quasiparticle lifetimes [41] [42] [43] [44] [45] .
In particular, topological phases of nonHermitian Hamiltonians have recently been investigated in these systems [43, 44, . The most prominent feature of non-Hermitian Hamiltonians is the existence of exceptional points (EPs), where more than one eigenstate coalesces [24, 68, 69] . This coalescence of eigenstates at EPs makes the corresponding eigenspace no longer complete, and the non-Hermitian Hamiltonian becomes non-diagonalizable.
These unique features of EPs can lead to rich topological features in non-Hermitian topological systems with no counterpart in Hermitian cases such as Weyl exceptional rings [51] , bulk Fermi arcs, and half-integer topological charges [57] . Furthermore, the interplay between non-Hermiticity and topology can lead to the breakdown of the usual bulk-boundary correspondence [50, 52, 58, 63, [65] [66] [67] due to the non-Bloch-wave behavior of open-boundary eigenstates, where the conventional Bloch wavefunctions do not precisely describe the topological phase transitions under the open boundary conditions. The non-Bloch winding (Chern) number defined via complex wavevectors in 1D (2D) has recently been introduced to fill this gap [65, 66] .
More recently, the concept of topological insulators (TIs) has been generalized to second-order [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] and third-order [70, 87, 88] TIs in Hermitian systems. In contrast to the conventional first-order topological phases, a d-dimensional second-order topological insulator (SOTI) only hosts topologically protected (d − 2)-dimensional gapless boundary states. For example, a 2D SOTI has zero-energy states localized at its corners, and a 3D SOTI hosts 1D gapless modes along its hinges. Therefore, the conventional bulk-boundary correspondence is no longer applicable to SOTIs. Up to now, the studies of the second-order and third-order topological phases have been restricted to Hermitian systems. We now ask: is it possible for a non-Hermitian system to exhibit secondorder topological phases? If yes, how can we define a topological invariant to characterize them?
In this work, we investigate 2D and 3D SOTIs described by non-Hermitian Hamiltonians. Even though the bulk bands of the 2D (3D) systems are first-order topologically trivial insulators, there are degenerate second-order zero-energy bound states (chiral boundary states).
In contrast to the Hermitian case, these zero-energy states in 2D are localized only at one corner protected by mirror-rotation symmetry and chiral symmetry. Moreover, the second-order chiral boundary modes in 3D are localized not along the hinges but arXiv:1810.04067v1 [cond-mat.mes-hall] 9 Oct 2018
anomalously at a corner. The winding number (Chern number) characterizes its second-order topological phase in 2D (3D), where the non-Bloch-wave behavior of openboundary eigenstates is included due to the breakdown of the usual bulk-corner (chiral boundary) correspondence in second-order non-Hermitian systems. The proposed non-Hermitian model can experimentally be realized in ultracold atoms.
2D SOTI.-We take into account a 2D non-Hermitian Hamiltonian H 2D that respects both two-fold mirrorrotation symmetry M xy and chiral symmetry C
and [C, M xy ] = 0. Note that the Hermitian counterpart with the same symmetries was investigated in Ref. [77] . Due to the mirror-rotation symmetry in Eq. (1), we can express the Hamiltonian H 2D along the high-symmetry line k x = k y as
where U is a unitary operator, and H ± (k) acts on the mirror-rotation subspace. Since H ± (k) respects chiral symmetry C in each mirror-rotation subspace, we can define the winding number is given by
The topological index that characterizes the second-order topological phases in 2D as [77] w := w + − w − .
We investigate a concrete model of a 2D SOTI on a square lattice, where each unit cell contains four orbitals and the asymmetric particle hopping within each unit cell is introduced, as shown in Fig. 1(a) . The Bloch Hamiltonian can be written as
where we have set the lattice constant a 0 = 1, λ is a real-valued inter-cell hopping amplitude, t ± γ denote real-valued asymmetric intra-cell hopping amplitudes, and σ i and τ i (i = x, y, z) are Pauli matrices for the degrees of freedom within a unit cell. The Hamiltonian H 2D can be implemented experimentally using ultracold atoms in optical lattices with engineered dissipation (see Fig. 1(b) and Sec. VII in the supplemental material [89] for details). The Hermitian part [89] . The primary lattice together with a pair of Raman lasers gives rise to a Hermitian SOTI, where the Raman lasers are used for inducing effective particle hopping. The asymmetric hopping amplitudes are introduced via coherent coupling to a dissipative auxiliary lattice. of H 2D (k) preserves mirror and four-fold rotational symmetries with M x = τ x σ z , M y = τ x σ x , and C 4 = [(τ x − iτ y )σ 0 − (τ x + iτ y )(iσ y )] /2. While they are broken by the asymmetric hopping, H 2D stays invariant under chiral symmetry C = τ z and mirror-rotation symmetryM xy = C 4 M y , and C,M xy = 0.
Bulk and edge states.-The upper and lower bands E ± (k) of H(k) are two-fold degenerate [89] , and these bands coalesce at EPs with E ± (k EP ) = 0 for t = ±λ ± γ or ± γ 2 − λ 2 . Figure 2 shows the complex energy structures with open and periodic boundaries along the x and y directions, respectively. The non-Hermitian system supports gapped complex edge states for |t| < |γ| + |λ|, as shown in the red curves in Fig. 2(a,b) . On the other hand, for |t| > |γ| + |λ|, there are no edge states [see Fig. 2(c,d) ]. In spite of their existence, the edge states can continuously be absorbed into the bulk bands and hence are not topologically protected. In fact, the bulk bands are topologically trivial, characterized by zero Chern number (see Sec. I in Ref. [89] ) over the entire range of parameters.
Corner states.-While the bulk bands of H(k) are topologically trivial, the system with open-boundary conditions in the x and y directions hosts four zeroenergy modes at its corners, as shown in Fig. 3(ac) . Moreover, these zero-energy states are localized only at the lower-left corner [see Fig. 3(a) ]. Note that the mid-gap modes can be localized at the upper-right corner when an opposite sign of hopping amplitude t is considered (see Fig. S1 in Ref. [89] ). This mid-gap-state localization at one corner results from the interplay between the symmetryM xy and nonHermiticity, where each corner mode is a simultaneously topological state of two intersecting non-trivial edges (see Sec. III in Ref. [89] ). Furthermore, these corner modes are topologically protected against disorder preservinḡ M xy symmetry and chiral symmetry (see Sec. IV in Ref. [89] ).
Moreover, the bulk bands of the open-boundary system are considerably different from those of the periodic system. As shown in Fig. 3(b,c) , the bulk eigenenergies in the case of open boundaries are entirely real over a wide range of system parameters as a consequence of pseudoHermiticity of the open-boundary system [89] , while they are complex in the periodic system. Furthermore, we find that, in contrast to the Hermitian SOTI, the bulk modes are exponentially localized at the lower-left corner due to the non-Hermiticity caused by the asymmetric hopping (see Sec. V and VI in Ref. [89] ), as shown in Fig. 3(d) .
Topological index.-The topology of the non-Hermitian Hamiltonian H 2D is characterized by the winding number w [see Eqs. (1) (2) (3) (4) (5) ].
One of the boundaries of the topological-phase transition calculated by this index is The gray regions represent the topologically trivial phases with w = 0, while the cyan regions represent the second-order topological phase with w = −2 that hosts corner states. The phase boundaries are determined by t 2 = λ 2 + γ 2 and t 2 = γ 2 − λ 2 . t = 1.9 (i.e., one of the EPs) using the parameters in Fig. 2 [65, 66] . To figure out this unexpected non-Bloch-wave behavior, complex wavevectors, instead of real ones, are suggested for defining the topological index of non-Hermitian systems [65, 66] . Here we generalize this idea to the nonHermitian SOTI (see Sec. VI in Ref. [89] for details). After replacing real wavevectors k with complex ones
with β 0 = |(t − γ)/(t + γ)|, the Hamiltonian H ± for H 2D in Eq. (3) has the following forms
with σ ± = (σ x ± iσ y )/2. Note that the location of the mid-gap corner modes depends on β 0 : they are localized at the lower-left corners for β 0 < 1, and at the upper-right corners for β 0 > 1. Figure 4 (a) shows the topological phase diagram. The number of zeroenergy corner modes is counted as 2|w|. Furthermore, the phase boundaries are determined by t 2 = λ 2 + γ 2 and t 2 = γ 2 − λ 2 , and the phase diagram contains the trivial phase (w = 0) and the second-order topological phase (w = −2).
3D SOTI.-We now consider a 3D non-Hermitian Hamiltonian H 3D that respects two-fold mirror-rotation symmetry
Note that the Hermitian counterpart was investigated [78] . As in the 2D case, due to the mirror-rotation symmetry in Eq. (9), we can express the Hamiltonian H 3D along the high-symmetry line k x = k y as
where H ± (k, k z ) acts on the corresponding mirrorrotation subspace. We can define the Chern number
where
with α and β taken over the filled bands, and φ
. This formula is a natural generalization of the single-band non-Hermitian Chern number in Ref. [53] to multiple bands. Then the topological index that characterizes the second-order topological phases in 3D is
We investigate a concrete model of a 3D non-Hermitian SOTI on a cubic lattice described by
where i runs over x, y, z, γ x = γ y = γ 0 , and γ z = 0. This Hamiltonian H 3D only preserves mirror-rotation symmetryM xy (see Sec. VIII in Ref. [89] ). When the bulk bands of H 3D are gapped and firstorder-topologically trivial, it does not support gapless surface states, as shown by energy spectra with open boundaries along the y direction in Fig. 5(a,b) . However, the system with open boundaries in both x and y directions hosts four-fold degenerate second-order chiral boundary modes along the hinge parallel to the z direction, as shown in Fig. 5(c,d) . In contrast to the Hermitian case [78] , these second-order chiral boundary modes under the open boundary condition along all the directions are localized not along the hinge but anomalously localized at one corner [see Fig. 5(e) ]. This indicates that the usual bulk-boundary correspondence is broken for the 3D non-Hermitian SOTI. Moreover, these second-order boundary modes are only localized at the corners on the x = y plane due to the mirror-rotation symmetryM xy (see Fig. S8 in Ref. [89] ).
Due to mirror-rotation symmetry, the second-order topological phase in 3D can be characterized by the Chern number C [see Eqs. (9) (10) (11) (12) ]. To generalize the bulk-boundary correspondence in 3D non-Hermitian SOTIs, we take into account the exponential-decay behavior of non-Hermitian eigenstates with open boundaries along the x and y directions. After replacing real wavevectors k with complex ones, and assuming ∆ 1 = √ 2t to capture the essential physics of the 3D non-Hermitian SOTI with analytical results (see Sec. VIII in Ref. [89] for details), the Hamiltonian H ± for H 3D in Eq. (10) can be expressed asH
Figure 5(f) shows the topological phase diagram, where the second-order topological phases are characterized by the nonzero Chern number (C = −2). The number of branches is counted as 2|C|.
Conclusions.-In this work, we have analyzed 2D and 3D SOTIs in the presence of non-Hermiticity. In spite of their first-order topologically trivial bulk bands, zero-energy mid-gap states and chiral boundary modes exist in 2D and 3D SOTIs, respectively. In contrast to the Hermitian cases, the mid-gap states in 2D are localized only at one corner protected by mirror-rotation symmetry and chiral symmetry, and the second-order chiral boundary modes are anomalously localized at a corner in 3D. The winding number (Chern number) defined by complex wavevectors is used to determine their second-order topological phases in 2D (3D). An experimental realization with ultracold atoms is also discussed. Our study provides a framework to explore more complex non-Hermitian physics in higher-order topological phases. 
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T . Then, we have
where we have set the lattice constant a 0 = 1, σ i (i = x, y, z) is a Pauli matrix acting on the sublattice index of particles 1 and 2 as well as particles 3 and 4 within a unit cell [see Fig. 1 (a) in main text], and τ i is a Pauli matrix acting in the space of these two pairs. The eigenenergies of H 2D (k) are
where each of the upper and lower energy bands is two-fold degenerate. These bulk bands are topologically trivial in the entire range of parameters, and characterized by zero Chern number [S1] defined by
where the trace is taken over the occupied bands, F xy (k) is the non-Abelian Berry curvature
Here A µ is the Berry connection
where |φ α n (k) and |χ α n (k) are the right and left eigenstates:
and α denotes the band degeneracy. The right and left eigenstates satisfy the following normalization condition
Our numerical calculations show that N = 0, indicating that the bulk bands are topologically trivial.
II. Pseudo-Hermiticity
In this part, we argue that the real spectrum of our non-Hermitian system, with open boundaries along both x and y directions, results from pseudo-Hermiticity of the real-space Hamiltonian [S2-S5] .
We
Here n x (n x = 1, 2, ..., L) and n y (n y = 1, 2, ..., L) are integer-valued coordinates of unit cells in the x and y directions, respectively, σ i and τ i (i = x, y, z) are Pauli matrices for the degrees of freedom within a unit cell, and Φ nx,ny = (c nx,ny,A , c nx,ny,B , c nx,ny,C , c nx,ny,D ) T is the column vector of annihilation operators with A, B, C, and D corresponding to indexes 1, 2, 3, and 4 in Fig. 1 in the main text and denoting four orbitals within a unit cell. In the basis Φ = (Φ 1,1 , Φ 1,2 
where H 0 is the matrix form of the Hamiltonian H tb .
The Hamiltonian H tb is pseudo-Hermitian, which satisfies
where η is a 4L × 4L square matrix,and only contains elements σ y at its anti-diagonal sites:
While positivity is usually required for the definition of pseudo-Hermiticity [S2-S4], we do not assume the positivity here. From Eq. (S14), for any eigenenergy E n with the eigenequation H 0 |φ n = E n |φ n , we have
Therefore, for φ n | η −1 |φ n = 0, we have real eigenenergy E n for the open-boundary systems, which hold for a wide range of parameters (see Fig. S1 and Fig. 3 in the main text) . Note that the bulk eigenenergies can be complex in a certain range of parameters, as shown in Fig. S2 .
III. Edge theory
As we argue in the main text, the mid-gap-state localization at one corner results from the interplay between symmetryM xy and non-Hermiticity, where each corner mode is a mutual topological state of two intersecting nontrivial edges. In this part, we develop an edge theory to explain this result. We label the four edges of a square sample as I, II, III, IV (see Fig. S3 ). For the sake of simplicity, we consider the case of min{λ, −t, λ + t, γ} > 0, λ max{γ, λ + t}, and γ > λ + t. In this case, the low-energy edge bands of the Hermitian part of H 2D (k) lie around the Γ point of the Brillouin zone. Therefore, we consider the continuum model of the lattice Hamiltonian [see Eq. (S2)] by expanding its wavevector k to first-order around the Γ = (0, 0) point of the Brillouin zone, obtaining
We first solve the edge I of the four edges. By expressing k y as −i∂ y , and treating terms including t + λ and γ as perturbations (which are valid if they are relatively small), we can rewrite the HamiltonianH cm as whereH cm,1 is Hermitian, andH cm,2 is treated as the perturbation for λ γ, t + λ. To solve the eigenvalue equatioñ H cm,1 φ 
where N y is a normalization constant. The eigenvector χ I satisfies σ z χ I = −χ I with
Then, the effective Hamiltonians for the edge I can be obtained in this basis as Therefore, we have
where i (i = x, y, z) are Pauli matrices. The effective Hamiltonian for the edges II, III and IV can be obtained by the same procedures:
It is now easy to verify that the two zero-energy bound states for edges I and III are localized at their right ends for γ > t + λ (note that each end exhibits a zero-energy bound state for small γ), while the two zero-energy bound states for edges II and IV are localized at their upper ends. Therefore, the zero-energy states are localized at the upper-right corner for t < 0 and γ > 0 (see Fig. S1 ).
IV. Robustness against disorder
We now show that the zero-energy corner states are robust against disorder that preservesM xy symmetry and chiral symmetry. We consider the following real-space disordered Hamiltonian:
where ξ nx,ny , ζ nx,ny , and µ nx,ny are uniform random variables distributed over [−1, 1], while d 1 , d 2 , and d 3 are the corresponding disorder strength. As shown in Fig. S4 and Fig. S5 for the different values of disorder strength, the corner modes are topologically protected against disorder withM xy symmetry and chiral symmetry, until the band gaps close. Moreover, the corner modes are well localized at one corner of a square sample [see Fig. S3(c, f, i) ].
V. Degenerate perturbation theory
The bulk-state localization results from the non-Hermiticity caused by the asymmetric hopping, which can intuitively be explained using degenerate perturbation theory when γ is small. In this part, we consider a continuum Re(E)
Re(E) Im(E) 
Note that H 
The degenerate bulk states for the Hermitian part H degenerate perturbation theory [S6, S7] , the first-order correction to the wavefunctions φ 0 i for small k is
Then the modified eigenstate is
Equation (S41) shows that the bulk states can exponentially be localized in the non-Hermitian cases, while they cannot if the perturbation Hamiltonian H 2 cm is Hermitian (i.e., γ is pure imaginary).
VI. Bulk-state localization and winding number
As explained in the main text, the winding number defined by the non-Hermitian Bloch Hamiltonian [see Eqs.
(1-5) in the main text] cannot correctly describe the bulk-corner correspondence in the second-order topological insulator. This deviation results from the non-Bloch-wave behavior of open-boundary eigenstates of a non-Hermitian Hamiltonian [S8, S9] , which leads to the bulk-state localization [see Fig. 3 in the main text, and a quantitative analysis in the previous section]. In order to figure out this unexpected non-Bloch-wave behavior, and precisely characterize the topological invariants for non-Hermitian systems, modified complex wavevectors, not real ones, are proposed for calculating the winding number [S8, S9] . In this part, we discuss how to modify the topological index based on complex wavevectors.
According to Eqs. (S10) -(S13), in the basis Φ = (
, we solve the real-space eigenequation:
where the wavefunction φ is φ
T with ϕ nx,ny = (φ nx,ny,A , φ nx,ny,B , φ nx,ny,C , φ nx,ny,D )
T . Then, according to Eq. (S44), we have
where R, M and T are
To derive the eigenequation [see Eq. (S45)], we consider the trial solution
. In order to preserve the symmetryM xy , we set α 1 = α 2 = α. According to Eqs. (S45)-(S49), we have
where β = exp(α). Therefore, we have
Equation (S54) has two solutions β 1 and β 2 :
Moreover, according to Eq. (S54), for E → 0, we have
Then, the state vector in Eq. (S49) at each site can be written as
By considering the following boundary conditions
and relations
we have
According to Eq. (S63), we require that β 1 and β 2 satisfy
for a continuum spectrum, where the number of energy eigenstates is proportional to lattice size L. Otherwise, β 1 (E) = 0 or 2t 2 − 2γ 2 + 2β 2 λ(γ + t) − E 2 = 0 (which is independent of the lattice size L) if |β 1 | > |β 2 |, and β 2 (E) = 0 or 2t 2 − 2γ 2 + 2β 1 λ(γ + t) − E 2 (which is independent of the lattice size L) if |β 1 | < |β 2 |. By combining Eqs. (S55) and (S64), for the bulk states, we have
Then, to account for the non-Bloch-wave behavior [S8, S9] , we replace the real vavevector k with the complex one
Then the momentum-space Hamiltonian [see Eq. (S2)] can be expressed as
As shown in the main text, because the Hamiltonian H(k) preserves the mirror-rotation symmetryM xy , we can write the Hamiltonian H(k) in a block-diagonal form with k x = k y = k as
where H + (k) acts on the +1 mirror-rotation subspace, and H − (k) acts on the −1 mirror-rotation subspace. The the unitary transformation U is
and H + (k) and H − (k) are
with Pauli matrices σ x,y . We rewrite Eqs. (S71)-(S72) as
with σ ± = (σ x ± iσ y )/2. The winding numbers for the Hamiltonians H + (k) and H − (k) are expressed as
where |φ ± and |χ ± are the right and left eigenstates of H ± (k), respectively. The integration over 4π in Eqs. (S75)-(S76) is attributed to the 4π-periodicity of the eigenenergies and eigenstates. Then, the total winding number is
VII. Possible experimental realization
The second-order topological insulator studied here can be experimentally realized in ultracold atoms and photonic systems. In this part, we propose a possible scheme to realize a non-Hermitian second-order topological insulator in ultracold atoms in optical lattices. The idea is to combine two state-of-the-art experimental techniques: artificial gauge field and dissipation engineering. The former is used to create a π flux in each unit cell and the latter is used to make the hopping amplitudes asymmetric.
A. General idea
To engineer this anti-Hermitian part, we follow the method developed in Ref. [S10] to use a combination of the following jump operators that describe the collective loss of two nearest-neighbor sites:
At the single-particle or mean-field level, the open-system dynamics of a single block is determined by the nonHermitian effective Hamiltonian
which differs from Eq. (S78) only by a background loss of 2γ. In the following, we will discuss in detail a possible implementation of the above idea with state-of-the-art experimental techniques developed in dissipation engineering [S11] and artificial gauge fields [S12] .
B. Explicit implementation
We first note that, in the Hermitian limit (γ = 0), there is already an ultracold-atom-based proposal in Ref. [S13] . As explained therein, the Hermitian Hamiltonian can be simulated by embedding a superlattice structure into a two-dimensional π-flux lattice, which can be realized using a setup described in Refs. [S14, S15] . Moreover, we would like to mention that a sharp (box) boundary is also available within current experimental techniques [S16] . This is necessary for observing the topologically protected corner states. Now let us move onto the asymmetric hopping amplitudes. Following the theoretical consideration sketched out above, it suffices to focus on the realization of the jump operators [Eq. (S81)]. We again follow in Ref.
[S10] to effectively engineer a collective loss from a combination of on-site loss of auxiliary states and their coherent coupling to the primary degrees of freedom. Without loss of generality, we now focus on the case of a single block and resonant couplings. As shown in Fig. S6 , the full open-system dynamics in the rotating frame of reference can be written aṡ
where a j 's denote the annihilation operators of the particles in the auxiliary sublattice j and
2 {L † L, ρ} is the Lindblad superoperator. In the regime κ Ω, we can adiabatically eliminate the fast decay modes in the auxiliary lattice [S17] to obtain the following effective dynamics of the primary lattice degrees of freedom alone: where γ = Ω 2 /(2κ). At the single-particle or the mean-field level, the dynamics reduces to the nonunitary evolution governed by the non-Hermitian Hamiltonian given in Eq. (S82).
However, unlike the simple case discussed in Ref. [S10] , which describes a single band in one dimension, here we have two difficulties to realize the effective dynamics in Eq. (S83): (i) To ensure that an auxiliary site is only coupled to two nearest-neighbor sites, the auxiliary lattice should form a square-octagon pattern in two dimensions; (ii) We have to fine-tune the phases of couplings in the presence of a nonzero flux. Let us discuss below possible solutions to (i) and (ii).
To resolve (i), we first note that an ideal trap with square-octagon geometry is given by
which can be expanded into the Fourier series
Here a is the lattice constant, which equals λ l , the wavelength of the laser that generates the primary lattice [S13] . Keeping the terms with |m| + |n| = 3, 4 in Eq. (S86) followed by dropping the constants and adjusting the coefficients, we can construct a square-octagon-lattice potential as
whose profile in a single unit cell is plotted in Fig. S7(a) . In practice, this potential can be generated by six standingwave lasers with amplitude profiles given by
, and cos
where θ = arccos √ 3λ al /2a and θ = arccos √ 2λ al /a are the tilt angles from the x-y plane. Therefore, we can rather freely choose λ al such that the auxiliary lattice only selectively traps a certain metastable state of atoms, such as the 3 P 0 state of alkaline-earth atoms. The on-site loss rate κ can be controlled by the strength of an additional laser that couples the metastable state to a certain unstable state, such as the 1 P 1 state of alkaline-earth atoms. For ∆ 2 = 0, the Hermitian part of H 3D (k) is invariant under time reversal T = σ y K with K being the complex conjugation operator, x mirror reflectionM x = iσ x τ z , y mirror reflectionM y = iσ y τ z , and four-fold rotation C 4 = exp(−iπσ z /4). These symmetries are broken by both non-Hermitian terms including γ 0 and terms including ∆ 2 . However, H 3D (k) is invariant under the mirror-rotation symmetry operationM xy =C 4My with
The bulk energy bands of the Hamiltonian H 3D (k) are obtained as 
where the upper and lower branches are two-fold degenerate, respectively. The Hamiltonian H 3D (k) is defective at the exceptional points (EPs) withĒ 
B. Localization of second-order boundary states at one corner
As shown in the main text, the mid-gap states in the 3D non-Hermitian SOTI are localized at the right corner of the x = y plane [see Fig. 5 (e) in the main text and Fig. S8(a) ]. We note that the mid-gap states can be also localized at the left corner on the x = y plane when an opposite sign of the parameter m is considered, as shown in Fig. S8(b) . The localization of the mid-gap states at one corner on the x = y plan results from the interplay between mirror-rotation symmetryM xy and non-Hermiticity. where ∆(p) = ∆ 1 , −∆ 1 , ∆ 1 , −∆ 1 , and γ(p) = γ 0 , −γ 0 , −γ 0 , γ 0 along the anticlockwise direction of the four surfaces. According to Eq. (S109), it is easy to verify that the Hermitian part (i.e., γ 0 = 0) of H 3D (k) supports four-fold degenerate gapless hinge modes for k z = 0 (analogous to the Jackiw-Rebbi model [S19] ).
In the presence of non-Hermiticity, we first solve the boundary mode along the hinge intersected by the surfaces I and II. We write this boundary mode in the following form:
